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Abstract
In this paper, we study the Cauchy problem of a generalized Camassa-Holm equation.
It is shown that the equation is locally well posed when the initial data are suﬃciently
smooth. Moreover, we present a suﬃcient condition which guarantees the existence
of low regularity solutions for the generalized Camassa-Holm equation by the
method of energy estimate. Finally, the nonexistence of smooth solitary-wave
solutions is investigated.
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1 Introduction
Recently, Dullin et al. derived the following nonlinear partial diﬀerential equation []:
mt + cux + umx + mux = –γuxxx, x ∈R, t ∈R (.)
by using asymptotic expansions directly in theHamiltonian for Euler equations in the shal-
lowwater regime, and thereby it is shown to be bi-Hamiltonian and has a Lax pair formula-
tion. Dullin-Gottwald-Holm (DGH) equation (.) models the unidirectional propagation
of two-dimensional waves in shallow water over a ﬂat bottom, where u(t,x) stands for
the horizontal component of the ﬂuid velocity, m = u – αuxx represents the momentum,
c =
√
gh (where c := ω) is the linear wave speed for undisturbed water at rest at spatial
inﬁnity, and the constants α and γ /c are squares of length scales. DGH equation con-
tains both the KdV equation (when α → ) and the CH equation (when γ → ) as limiting
cases and preserves integrability through the inverse scattering transform (IST) method.
Thanks tom = u – αuxx, equation (.) will be reformulated as
ut – αuxxt + ωux + uux + γuxxx = α(uxuxx + uuxxx), t > ,x ∈R (.)
with the initial data u(x).
Recently, Tian et al. [] investigated the well-posedness of the Cauchy problem and
the scattering problem for equation (.), studied the problem of passing to the limit as
α → , and obtained the scattering data of the scattering problem. Li andOlver [] studied
the well-posedness, blow-up and the low regular solutions for an integrable nonlinearly
dispersive model wave equation. Mustafa [] investigated the low regularity conditions
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needed for the Cauchy problem of DGH equation via the semigroup approach of quasi-
linear hyperbolic equations of evolution and the viscosity method. Constantin and Lenells
[] presented a simple algorithm for the inverse scattering approach to the Camassa-Holm
equation. Liu [] and Zhou [] investigated the problems of the existence of global so-
lutions and the formation of singularities for the DGH equation. Tian et al. [] studied
the limit behavior of the solutions to a class of nonlinear dispersive wave equations. Ai
and Gui [] presented an algorithm for the inverse scattering problem associated to the
Dullin-Gottwald-Holm equation and derived a suﬃcient condition which guarantees the
existence of low regularity solutions for the generalized Dullin-Gottwald-Holm equation.




ut – αuxxt + ωux + βumux + γuxxx = α(uxuxx + uuxxx), t > ,x ∈R,
u(,x) = u(x),
(.)
where m ∈N, m ≥  and β =  are given. Observe that if m = , β =  and ω = γ = , then
(.) is the classical CH equation.
Equation (.) was investigated in [] and [], where the local well-posedness problem
was studied with the initial data u ∈ Hs(R) for s >  . In particular, Ai et al. [] studied
the low regularity solutions for the generalized Camassa-Holm equation when m =  in
(.).
Motivated by [, ] and [], in this paper we aim to study the low regularity solutions
and nonexistence of smooth solitary waves for the generalized Camassa-Holm equation
(.) for the general case m ∈ N, m ≥ . For the sake of convenience, we always assume
α =  in what follows.
Notations




|f |p dx)/p. The space L∞ = L∞(R) consists of all essentially bounded, Lebesgue mea-
surable functions with the norm ‖f ‖∞ = infm(e)=supx∈R\e|f (x)|. And we denote the norm





 + |ξ |)s∣∣fˆ (ξ )∣∣ dξ
)/
for s ∈ R, where fˆ (ξ ) is the Fourier transform of f (x). The operator sα for any α, s ∈ R
means sα = ( – α∂x )
s
 ; in particular, s :=s = ( – ∂x )
s
 ,  =.
The remainder of the paper is organized as follows. In Section , we investigate the lo-
cal well-posedness of the generalized Camassa-Holm equations. Next, we present some
results of the regularized generalized Camassa-Holm equations; from this, the low regu-
larity solutions for the generalized Camassa-Holm equation (.) are studied in Section .
Finally, in Section , we demonstrate the nonexistence of smooth solitary-wave solutions.
2 Existence of strong solutions
Note that if p(x) := e–|x|, x ∈R, then (–∂x )–f = p∗ f for all f ∈ L(R) and p∗ (u–uxx) = u,
where ∗ denotes convolution with respect to the spatial variable x. Therefore, equation
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(.) (with α = ) can be rewritten as the following equivalent form:
⎧⎨
⎩
ut + uux + γux + ∂xp ∗ ((ω + γ )u + β(m+)um+ + ux – u) = , t > ,x ∈R,
u(,x) = u(x), x ∈R.
(.)
In [], the following local well-posedness result was obtained (with a slight modiﬁca-
tion).
Theorem . Let u ∈ Hs(R) with s >  . There exists a time T >  such that the initial-
value problem (.) has a unique solution u ∈ C([,T];Hs) ∩ C([,T];Hs–) and the map
u → u is continuous from the neighborhood of u in Hs into C([,T];Hs)∩C([,T];Hs–).











dx =  for all t ∈ [,T]. (.)
We are now in a position to state a blow-up criterion for the generalized CH equation
(.).
Theorem . Let u ∈ Hs(R) with s >  , and u be the corresponding solution to (.) in




‖∂xu‖L∞ dτ =∞. (.)
Remark . The blow-up criterion (.) implies that the lifespan T∗u does not depend
on the regularity index s of the initial data u. Indeed, let u be in Hs for some s >  and
consider some s′ ∈ (  , s). Denote by us (resp., us′ ) the corresponding maximal Hs (resp.,
Hs′ ) solution given by the above theorem. Denote by T∗s (resp., T∗s′ ) the lifespan of us (resp.,
us′ ). SinceHs ↪→Hs′ , uniqueness ensures that T∗s ≤ T∗s′ and that us ≡ us′ on [,T∗s ). Now, if
T∗s < T∗s′ , thenwemust haveus′ in C([,T∗s ];Hs
′ ). Hence,us′ ∈ L([,T∗s ];W ,∞) by using the
Sobolev embedding Hs′ (R) ↪→ W ,∞(R), which contradicts the above blow-up criterion
(.). Therefore, T∗s = T∗s′ .
3 Existence of low regularity solutions
Firstly, we investigate the following regularized equation (.):
⎧⎨
⎩
ut – uxxt + εuxxxxt + (ωu + βm+um+)x + γuxxx = uxuxx + uuxxx, t > ,x ∈R,
u(,x) = u(x).
(.)
By using the contraction mapping principle, we may easily obtain the following existence
result, and we omit its proof here.
Theorem . Suppose that u ∈ Hs(R) with s ≥ , there exists T >  depending only on
‖u‖Hs such that there corresponds a unique solution u(t,x) ∈ C([,T];Hs) of equation
(.) in the sense of distribution. If s ≥ , the solution u(t,x) ∈ C([,∞);Hs) exists globally
in time. In particular, for s ≥ , the corresponding solution is a classical globally deﬁned
solution of (.).
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Thanks to standard energy estimates, we have the following theorem.
Theorem . Let s ≥  and the function u(x, t) be a solution of the regularized equation











u + ux + εuxx
)
dx. (.)






) + ε(quxx))dx + c
∫ t

‖ux‖L∞‖u‖m–L∞ ‖u‖Hq+ dτ . (.)







) + ε(quxx))dx + c
∫ t

‖u‖Hr+‖u‖m–Hr ‖u‖Hq+ dτ .
For any q ∈ [, s – ] and any r ∈ (  ,q], there is a constant c, independent of ε, such that
( – ε)‖ut‖Hq ≤ c‖u‖Hq+
(
 + ‖u‖m–L∞ ‖u‖H
)
. (.)
Proof The proof can be similarly treated as in [] or [], and we omit it. 
We recall the following lemma, which is critical to the proof of Theorem ..
Lemma . ([]) Let uε be the convolution uε = φε ∗ u of the functions φε(x) =
ε–/φ(ε–/x) and u such that the Fourier transform φˆ of φ satisﬁes φˆ ∈ C∞c , φˆ(ξ ) ≥ ,
and φˆ(ξ ) =  for any ξ ∈ (–, ). The following estimates hold for any ε with  < ε < /:
‖uε‖Hq ≤ c, ‖uε – u‖Hq ≤ cε s–q (q≤ s),
‖uε‖Hq ≤ cε s–q (q > s), ‖uε – u‖Hs = o().
(.)
We shall show that some norms of the weak solution to the generalized CH equation
(.) are bounded when ε is suﬃciently small.
Theorem . Suppose that u ∈Hs(R) for some ≤ s≤  such that ‖ux‖L∞ <∞. Let uε
be deﬁned as in Lemma .. Then there exist constants T >  and c >  independent of ε
such that the corresponding solution uε of (.) satisﬁes ‖uεx‖L∞ ≤ c.
Proof We ﬁrst study the regularized equation (.) with u = uε . Diﬀerentiating the ﬁrst
equation of (.) with respect to x yields
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Let p ≥  be an integer. Multiplying equation (.) by (ux)p+, and then integrating the





















































ε‖uxxxt‖Lp+ + (γ + ω)‖u‖Lp+






















Because ‖f ‖Lp → ‖f ‖L∞ as p→ ∞ for any f ∈ L∞ ∩ L, integrating (.) with respect to t
and then taking the limit as p→ ∞, we obtain
( – ε)‖ux‖L∞ (t)




ε‖uxxxt‖L∞ + ‖u‖L∞ +
∥∥um+∥∥L∞
+
∥∥u∥∥L∞ + ‖g‖L∞ + ‖ux‖L∞]dτ . (.)
Applying the Sobolev imbedding theorem leads to
∥∥um+∥∥L∞ ≤ c
∥∥um+∥∥H ≤ c‖u‖m+H ≤ c, (.)
∥∥u∥∥L∞ ≤ c




















≤ c + c
(‖ut‖L + ‖ux‖L∞‖ux‖L)
≤ c + c
(‖ut‖L + ‖ux‖L∞),
where we used the algebraic property of the Sobolev space Hs(R) (with s >  ), and con-
stants c and c are independent of ε with ε suﬃciently small. By (.), (.) and (.), we







where the constant c is independent of ε. Moreover, for any ﬁxed r ∈ (  , ), there exists
a constant cr such that ‖uxxxt‖L∞ ≤ cr‖uxxxt‖Hr ≤ cr‖ut‖Hr+ . Thanks to Theorem ., one
can see
‖uxxxt‖L∞ ≤ cr‖u‖Hr+ .














Therefore, thanks to (.), we get that for some constant c,








For ε <  , thanks to (.), (.), (.) and (.), we get


















Hence, thanks to the contraction mapping principle applied, we obtain that there exists
T >  such that the integral equation














(τ ) + 
]
dτ
has a unique solution f (t) ∈ C([,T]). The comparison principle leads to the estimate
‖ux‖L∞ ≤ f (t) for any t ∈ [,T], which implies the conclusion of Theorem .. 
With Theorem . in hand, we can get the existence of a weak solution to the Cauchy
problem (.) as follows.
Theorem . Suppose that u ∈ Hs(R) for some  ≤ s ≤  such that ‖ux‖L∞ < ∞. Then
there exists a constant T >  such that the Cauchy problem (.) has a solution u(x, t) ∈
L([,T];Hs) in the sense of distribution and ux ∈ L([,T]×R).
Proof It follows from Theorem . that {uεnx} is bounded in the space L∞ with εn → .
Therefore, the sequences {umεn} and {uεnx} are weakly convergent to um and ux in
L([,T];Hr(–R,R)) for any r ∈ [, s – ), respectively. From this, we get, for any f ∈ C∞c ,












 fxxx – γufxxx –
(
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with u(x, ) = u. Since X = L([,T] × R) is a separable Banach space and {uεnx} is a
bounded sequence in the dual space X = L∞([,T]×R) of X, there exists a subsequence
of {uεnx}, still denoted by {uεnx}, weakly star convergent to a function v in L∞([,T]×R).
From this and the fact that {uεnx} is also weakly convergent to ux in L([,T] × R), we
get that ux = v almost everywhere. Hence, ux ∈ L∞([,T] × R), and we end the proof of
Theorem .. 
Remark . The proof of Theorem . is inspired by the argument of Ai et al. [] in the
study of the low regular solution to a generalized DGH equation. However, one problem-
atic issue is that we here deal with the strong nonlinear term um in our equation (.),
making the proof of several required nonlinear estimates somewhat delicate. With the
help of the method of weak convergence, this diﬃculty is nevertheless overcome by care-
ful estimates for each approximate component of solutions.
4 Nonexistence of smooth solitary waves
It is observed that the peaked solution of the Camassa-Holm equation is not a smooth
solution. Actually, one can establish the following result for any traveling wave solutions
of the following generalized Camassa-Holm equation (with m = ):
ut – αuxxt + ωux + βuux + γ uxxx = α(uxuxx + uuxxx). (.)
Theorem. There is no nontrivial traveling-wave solution u ∈ C([,∞);H)∩C([,∞);
H) for equation (.) with γ = –ωα.
Proof Arguing by contradiction, assume thatw ∈H and u(t,x) = w(x–ct), c =  is a strong
solution of (.). Then we have
cw′ – cαw′′′ + ωw′ + γw′′′ – ww′ + αw′w′′ + αww′′′ =  in L.
We ﬁnd that
(




=  in L,
and therefore
cw – cαw′′ + ωw + γw′′ – w
 + α
(w′) + αww′′ =  in H













)) =  in H









))′ –w′(w – α(w′)) = . (.)
Since w ∈H ⊂ C(R), we have w = c a.e. and w = α(w′) a.e.
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∣∣∣∣w + γα – c
∣∣∣∣∣∣w – α(w′)∣∣ = w
∣∣∣∣w + γα – c
∣∣∣∣, x ∈R. (.)
If we take into account w,w′ →  as x→ ∞, it is then inferred from (.) that
w
∣∣∣∣w + γα – c
∣∣∣∣ = ,
which also implies from (.) that
∣∣∣∣w + γα – c
∣∣∣∣∣∣w – α(w′)∣∣ = , x ∈R.
This leads to a contradiction since w ∈H. 
Remark . Theorem . ensures that there exists a low regularity solution for (.).
However, Theorem . asserts that it is not a solitary wave if it is smooth enough.
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